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Abstract
The long DNA chain of a bacteriophage is closely packed inside of the capsid, forming a
hexagonal chromonic liquid crystal structure. Experiments have confirmed the DNA config-
uration is sensitive to the salt conditions. In this artical, we propose a mathematical model
to describe the salt-dependent DNA configuration in a bacteriophage capsid. With the total
free energy of the system combining the liquid crystal free energy, the electrostatic energy
and the elastic energy, the DNA and salt distribution is determined as the energy minimizer,
governed by a highly nonlinear second order PDE. We develop a numerical approach based on
the energy gradient flow to simulate the salt-dependent DNA configuration. Our numerical
results show good agreement with existing experiments and molecular simulations.
1 Introduction
A bacteriophage is a virus made of a protein capsid that encapsulate its DNA (or RNA) genome,
which have been widely used in a variaty of applications such as phage therapy [1], food industry
[2], drug discovery [3, 4], etc. A bacteriophage can infect certain types of bacteria by ejecting its
genome into the host bacteria and then replicates itself within the host. It is very important to
notice that the size a bacteriophage is usually at the order of 10nm while its genome length is at
the order of 10µm. Since the length of genome is significantly larger than the size of the capsid,
thus the DNA is tightly packed and oriented, forming a hexagonal chromonic liquid crystal phases
[5], which has been observed and confirmed by various of experimental and theoretical studies
since 1980s [6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. The bacteriophage DNA occupies almost all the
volume of the capsid, with background water and ions to mediate the energy cost to pack the
DNA in. Figure 1(a) sketches the DNA orientation on a cross-section that is parallel to the DNA
axial direction. The cross-section perpendicular to the axial direction presents a hexagonal lattice
structure, where each lattice represents the intersection of the DNA chain with the plane, as shown
in Figure 1(b). Understanding the configuration of the DNA in the capsid is the fundation to study
the bacteriophage properties, such as packing and ejection dynamics, as well as applications like
virus design and phage therapy.
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Figure 1: Configuration of packed DNA in a bacteriophage capsid. (a): Side view parallel to
the axial direction. The black circle represents the capsid membrane, the blue curve describes
the orientation of the DNA chain. (b): Side view perpendicular to the axial direction, each dot
represents the intersection of the DNA strand with the cross-section. These dots locally behaves
like a hexagonal lattice structure, while the intrastrand distance might change in space.
Although there are lots of experimental measurements on the DNA structure in the bacterio-
phage capsid, our understanding is still very limited without a valid first-principle model, which
could match the experimental observations. Molecular simulations have been widely applied to
the study the DNA packing. For example, [16] used Monte–Carlo method, [17, 18] used Brown-
ian dynamics and [19] used Molecular dyanmics. Despite the advantage of these molecular based
methods, which could describe the descrete DNA strands directly and capture almost all the in-
formation about the DNA configuration, these methods are limited in the size of the capsid and
the length of DNA strand, due to the high computational cost in evaluting the pairwise interaction
between molecules. Recently, in [5], the authors proposed a mechanical model to study the struc-
ture of DNA encapsidation. The DNA molecules are described using the hexagonal liquid crystal,
with an order parameter s to characterize the ordered packing near the capsid membrane and the
disordered core region. Three main mechanisms have been discussed: entropy, bending of the DNA
molecule and self-repulsion between DNA molecules. The numerical results show that, the director
field ~n is almost identical to the unit vector ~eθ in the cylindrical coordinate. The descrete DNA
strand is then revealed by a piecewise-smooth curve using the level curve given by the direction
field and the displacement vectors. Following this approach, we now focus on understanding the
effect of ions to the DNA configuration and capsid properties.
The DNA chain itself is negative-charged, with a line density of about 6e/nm where e is the
elementary charge. The aqueous environment with high ionic concentration plays an essential role
in screening the electrostatic repulsion and neutralizing the overall charge distribution. Experi-
ments and molecular simulations have shown the encapsidated DNA structure is sensitive to and
can be controlled by the ionic conditions. For example, at high concentrations of spermidine, DNA
condensation could happen which significantly increases the shear stresses of the DNA and reduces
the pressure inside the capsid [19]. On the other hand, with increasing salt concentration, the
spacing between two DNA strand is reduced, with relatively lower contribution from the DNA
self-repulsion and bending energy [20].
There are mainly two mechanisms for the salts to affect the DNA configuration. The first
one is through the mean-field electrostatic interaction, which could be described by the Poisson–
Boltzmann theory. The other one is by changing the DNA persistence length, which is beyond
the mean-field description of the electrostatics and can be taken into account through the Debye–
Hu¨ckel theory with charge renormalization. In literature, there are various formulas about the salt-
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dependent persistence length: (a) the Odijk–Skolnick–Fixman (OSF) model [21, 22] is valid for high
ionic strengthes; (b) the OSF-Manning formula [23] is a correction to low ionic concentration; (c)
the Netz-Orland model agrees with a wide range of experimental data using two fitting parameters
[24]; (d) an interpolation formula with four fitting parameters works for the whole ionic strength
range [25]. In this work, considering the ionic solutions in biological systems are usually not dilute,
it is straightforward and sufficient for us to employ the OSF model.
Besides the contribution from the electrostatics, we use the Oseen–Frank energy to describe the
bending energy of this hexagonal chromonic liquid crystal structure, and introduce the Lenard–
Jones energy to account for the interaction between nearby DNA strands. In this article, we
propose a simple continuum model to help understanding the packing configuration of a long DNA
chain inside a confined domain as well as the role of ionic conditions. Comparing with experimental
and molecular simulation results in literature, our model is very efficent and is able to capture most
of the quantitative behavior, and even quanlitatively.
2 Model
The bacteriophage capsid is described as a rigid sphere of radius r0,
B = {(r, θ, z)| − r0 ≤ z ≤ r0, 0 ≤ θ < 2pi, 0 ≤ r ≤
√
r20 − z2}. (1)
Here (r, θ, z) is the cylindrical coordinate. The DNA chain orients along the z-axis, as shown in
Figure 1(a). For simplicity, we assume the (tangent) director ~n = ~eθ, which is shown to be a
good approximation in [5]. Then the system becomes homogeneous in θ. The intersection of the
DNA with the r − z plane is a hexagonal lattice, as shown in Figure 1(b). The cross-sectional
density is a function in space, denoted as m0(r, z). Thus, the concentration of DNA molecules is
c0(r, z) = ηm0(r, z), where η is a constant representing the line number density along the DNA
chain. There are N ionic species in the system, whose valence and concentration distribution are
denoted as zi and ci(r, z), 1 ≤ i ≤ N , respectively. The enviroment and the ionic conditions are
described within a large cylinder
Ω = {(r, θ, z)| − L ≤ z ≤ L, 0 ≤ θ < 2pi, 0 ≤ r ≤ L}. (2)
Then the total free energy of the system is,
Ecap[ci(r, z)] =
∫
B
k3|~n×∇× ~n|2dx+ 1
2
∫
Ω
N∑
i=0
zieciφdx
+kBT
∫
Ω
[γc0 log c0 +
N∑
i=1
ci log ci]dx+
∫
B
f(c0)dx. (3)
The first term comes from the Oseen–Frank free energy, describing the bending energy of the
DNA strands. It should be noted the energy from splay and twist vanishes because ~n = ~eθ. The
bending coefficient k3 is propotional to the number density of DNA strands and its persistence
length [26, 27]:
k3 = kBT`pm0. (4)
The dependence of the DNA persistence length to the ionic condition is modeled usnig the OSF
theory,
`p = `0 +
q2
16pi
∑N
i=1 z
2
i e
2ci
. (5)
Here `0 is a constant, qe is the DNA line charge density.
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The second term in Eq. (3) describes the electrostatic energy. φ is the mean electrical potential,
given by Possion’s equation:
− ∇2φ =
N∑
i=0
zieci. (6)
Here  is the dielectric coefficient. z0 = q0/(ηe) describes the valence of the DNA monomers. The
boundary condition is Dirichelet φ = 0 on ∂Ω, which describes the overall charge neutrality in the
large box Ω.
The third term in Eq. (3) comes from the entropy from both DNA and all ionic species. Since
DNA is polymer, unlike the mobile ions, there should be a weight constant γ. On the other
hand, the distribution of DNA strands is homogeneous in θ direction, forming a two-dimensional
structure on the r−z plane. The entropic density of this two-dimension distribution is proportional
to 2pirm0 logm0. Here 2pir comes from the length (or height) of the two-dimension structure, which
is the circuference of the DNA strands of radius r. This expression is equivalent to the entropy of
DNA in equation (3).
The fourth term in Eq. (3) describes the elasticity between DNA strands inside of the capsid.
Considering the fact that the DNAs are tightly packed, we introduce the Lenard–Jones repulsion,
f(c0) ∝ c0d12 . Using the hexagonal lattice structure, the distance d between the DNA stands satisfies
d2 ∝ 1c0 . So we propose,
f(c0) = αc
7
0. (7)
Here α is a coefficient controlling the strength of the repulsion.
Now the total energy is simplied as,
Ecap[ci(r, z)] =
∫
B
k3
r2
dx+
1
2
∫
Ω
N∑
i=0
zieciφdx
+kBT
∫
Ω
[γc0 log c0 +
N∑
i=1
ci log ci]dx+
∫
B
αc70dx. (8)
The equilibrium distribution is then obtained by minimizing the total energy, subject to the fol-
lowing constraint conditions, {∫
Ω
cidx = Ni, i = 0, 1, · · · , N ;∫
B c0dx = Np.
(9)
These constraints describes the fact that, the capsid membrane is permeable to ions, but not the
DNA. In reality, the DNA can only go through the motor protein during the packing or ejection
process, which is not the aim of this article.
We first compute the chemical potential of DNA,
µ0 =
δEcap
δc0(r, z)
=
{
z0eφ+ γkBT (log c0 + 1) +
`p
ηr2 + 7αc
6
0, in B;
z0eφ+ γkBT (log c0 + 1), in Ω/B.
(10)
The chemical potentials of ions are,
µi =
δEcap
δci(r, z)
=
{
zieφ+ kBT (log ci + 1)− kBTc0q
2z2i
16piηr2(
∑N
i=1 z
2
i eci)
2 , in B;
zieφ+ kBT (log ci + 1), in Ω/B.
(11)
Since these expressions are highly-nonlinear, we cannot find an explicit form of the distributions.
Instead, we define the implicit distribution of DNA through,
z0eφ+ γkBT (log c0 + 1) +
`p
ηr2 + 7αc
6
0 = µ
b,in
0 , in B;
z0eφ+ γkBT (log c0 + 1) = µ
b,out
0 , in Ω/B;∫
B c0dx = Np;∫
Ω
c0dx = N0.
(12)
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The implicit distribution of ions are,
zieφ+ kBT (log ci + 1)− kBTc0q
2z2i
16piηr2(
∑N
i=1 z
2
i eci)
2 = µ
b
i , in B;
zieφ+ kBT (log ci + 1) = µ
b
i , in Ω/B;∫
Ω
cidx = Ni.
(13)
Here µb,in0 , µ
b,out
0 , µ
b
i are all constants. Together with Poisson’s equation (6), we obtain a closed
PDE system, which is in the form of a modified Poisson–Boltzmann equation.
3 Numerical Results
In this section, we present the numerical results given by applying Eq. (13) to bacteriophages.
The numerical method is summaried in Appendix.
Here we choose η = 3nm−1, describing the fact that one basepair of DNA corresponds to about
0.34 nm of length along its strand [28]. The line charge density is approximately q = 6e/nm
[29], so that z0 = 2. The dielectric coefficient is set to be the dielectric constant of water in
room temperature  = 78. To determine the two parameters α and γ in the model, we require
the contribution from each term in the total energy to be comparable with each other. In the
following, γ = 0.33.
3.1 Comparison with molecule simulation
In this section, we use the same small viral capsid as in the molecular simulation performed
by [19]: capsid size r0 = 12.5nm and genome length N0 = 4500. All the DNA is inside the capsid
thus Np = N0. The average concentration of DNA is ca = 3N0/(4pir
3
0) = 0.55nm
−3. We set
α = 0.5−7nm21. There are two ionic species Na+ (or Mg2+) and Cl− in the system. The overall
charge neutrality requires,
z0N0 + z1N1 + z2N2 = 0. (14)
In Figure 2, we present the DNA density and the salt densities in the r − z plane. The DNA
density outside of the capsid is identically zero, because there is no DNA outside of the capsid.
Moreover, there is a layer close to the z-axis, where the DNA density is also very small. This is
because of the high bending energy prevents the DNA to form an ordered structure. The radius
of this region is about 2nm, indicating that the DNA structure cannot be perfectly ordered in
the center. In reality, some of the bacteriophages have a large cylindrical core protein, other
bacterophages have a large disorder core region where the DNA strucutre is not clear. This is
consistent with our modeling of the ordered DNA distribution. When getting furthure away from
the center, the DNA density becomes larger, showing the DNA prefers to stay close to the capsid
membrane, mainly due to the bending energy. The contribution from the LJ repulsion prevents the
DNA to be condense at the membrane, but being nearly homogenous in the outer region. There
is a sharp transition zone between the inner core and the outer region.
The distribution of Na+ follows the distribution of DNA because the negatively charged DNA
prefers to attract (or absorb) more postive charges. Since the membrane is permeable to ions, the
Na+ density is not zero but very small outside of the capsid. The distribution of Cl− behaves in
a opposite manner. It is repelled to the inner core region and outside of the capsid.
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Figure 2: Number density in the r − z plane. Left: DNA; Middle: Na+; Right: Cl−
To compare with [19], we plot the probability distribution of each species, as shown in Figure
3. The probability distribution is defined as,
Pi(r) =
∫ pi
0
∫ 2pi
0
ci(r, θ, φ)r
2 sinφdθdφ∫
Ω
ci(r, θ, φ)r2 sinφdrdθdφ
. (15)
Here (r, θ, φ) is the spherial coordinates, r2 sinφ is the Jacobian from Cartesian coordinate to
spherical coordinate.
Figure 3: Left: 100mM NaCl; Middle: 1666mM NaCl; Right: 100mM MgCl2.
The DNA probability distribution is monotonic increasing inside of the capsid, representing the
fact that the DNA density is increasing from the center to membrane. There is only one peak (local
mamximum) at the membrane, while [19] reported two representing two discrete layesr of DNA
strands. In our model, the discrete structure od DNA stands is implicitly given by the averaged
concentrations. In order to capture the discrete layer structure, we need to add in the pairwise
correlation energy from the hard-sphere repulsion.
Using Mg2+ instead of Na+, results in a similar curve, see Figure 2(c). This is consistent with
the molecular simulation results obtained in [19]. With increasing salt concentration, the slop of
the DNA curve becomes flater. This is because the persistence length lp becomes shorter with
higher ionic strength, weakening the contribution from DNA bending. In Figure 3 (b), the Na+
and Cl− curves are very close, unlike the other two panels. To understand the reason, we need
to take a look at the renormalized density profile as a function of r, shown in Figure 4. Here we
define,
ρi(r) =
∫ pi
0
∫ 2pi
0
ci(r, θ, φ) sinφdθdφ∫ pi
0
∫ 2pi
0
sinφdθdφ
, (16)
representing the average of the density ci(r) on a sphere of radius r. We can see with increasing
salt concentration, the peak on the DNA curve at the capsid membrane becomes less and less
significant. For the salt concentration, both inside and outside of the capsid increases. However,
6
Cl− inside of the capsid increases relatively faster than outside, Na+ inside of the capsid increases
slower than outside, which makes these two curves to be similar.
Figure 4: Average radial distributin ρi(r) under different ionic conditions. (a): 100mM NaCl; (b):
300mM NaCl; (c): 1666mM NaCl.
3.2 Comparison with experiments
We now apply the model to P4 phage of capsid size r0 = 22.5nm and genome length N0 = 11500.
Again Np = N0 meaning all the DNA are inside of the capsid. The average concentration of DNA
is ca = 3N0/(4pir
3
0) = 0.24nm
−3. We set α = 0.2−7nm21.
Figure 5(a) describes the inter-stand distance of DNA under different ionic conditions. This
distance d is estimated using the hexagonal lattice structure with known density c0:√
3
2
d2 · c0
η
= 1. (17)
Here
√
3
2 d
2 represents the area of a hexagon of diameter d, c0η = m0 is the cross-sectional density.
So,
d =
√
2η√
3c0
. (18)
Since c0 is a function of space, so d is also a function of space. Figure 5(a) presents the DNA
spacing at two locations: (22, 0) is near the capsid membrane, (11, 0) is about half radius. Both
cureve show the inter-strand distance reduces with higher salt concentrations. The main reason is
due to the persistent length is monotonic decreasing with the ionic strengthes, so that the DNA is
easier to be packed into an ordered hexgonal structure. This result is consistent with [20].
Figure 5: (a): Inter-strand distance of DNA under different NaCl concentrations; (b): The energy
from bending, electrostatic and elasticity when increasing NaCl concentration.
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This can also be understood from the energy point of view, by adding more salt, the overall
bending energy decreases because of a smaller persistence length, and the elastic energy increases
because of the smaller separation. The electrostatic energy also decreases, as shown in Figure 5(b).
4 Conclusion and Discussion
We propose an ionic model to describe the structure of the DNA in a bacteriophage capsid,
under different ionic conditions. The model combines the Oseen–Frank energy from the Liquid
Crystal theory with salt-dependent persistence length, the electrostatic potential energy between
charges, and the elasticity between DNA strands. The agreements between the model and the
existing experimental and molecular simulation results, on the DNA and ion distributions, the
intra-strand DNA distance, and the energies, validates the model is capable to capture the structure
of the DNA under physiological conditions. On the other hand, as a continuum model, solving the
equations numerically is much faster compared with the approaches based on molecular simulations,
and can be applied to large bacteriophages.
Improvements of the model can be made by taking into account these mechanisms in more
detail. Although the usage of OSF theory to model the ion dependent persistence length is shown
to be sufficient and succssful with high ionic concentrations, extensions to lower ionic conditions can
be made by employing different theories. It is also known that, there could be effective attraction
between DNA strands in the presence of multi-valent ions, which means the elastic energy depends
on the ionic conditions.
Appendix: Numerical Method
Due to the highly nonlinearity, nonlinear iterative method such as Newton’s method cannot
guarentee the convergence. We use the gradient flow approach to solve a pesudo-time-dependent
problem, which is a set of modified Poisson–Nernst–Planck equations,
−∇ · ∇φ =
N∑
i=0
zieci,
∂
∂t
ci = ∇ · Ji = ∇ ·
(
kBT∇ci + ci∇(zieφ− χ kBTc0q
2z2i
16piηr2(
∑N
i=1 z
2
i eci)
2
)
)
,
∂
∂t
c0 = ∇ · J0 = ∇ ·
(
kBTγ∇c0 + c0∇(z0eφ+ χkBT`p
ηr2
)
.
(19)
Here χ = 1 in B and χ = 0 in Ω/B. The boundary conditions are,{
φ = 0, on ∂Ω;
Ji · ~en = 0, i = 0, 1, · · · , N, on ∂Ω.
(20)
The interface conditions on ∂B are,
[φ] = 0;
[∇φ · ~en] = 0;
[µi] = 0;
[Ji · ~en] = 0, i = 1, 2, · · · , N ;
J0 · ~en = 0;
(21)
It is straightforward to verify, this system satisfies,
d
dt
Ecap = −
∫
Ω
N∑
i=0
J2i
ci
dx. (22)
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So the energy is decreasing.
To simplify, we first non-dimensionlize the equations, using φ˜ = βeφ, x˜ = x/Lc, c˜0 = c0L
3
c .
Here Lc = 1nm. For simplicity we drop all the tilde in the non-dimensional equations:
−∇2φ = 4pi`B
N∑
i=0
zici,
∂
∂t
ci = ∇ · Ji = ∇ ·
(
∇ci + ci∇(ziφ− χ c0q
2z2i
16piηr2(
∑N
i=1 z
2
i ci)
2
)
)
,
∂
∂t
c0 = ∇ · J0 = ∇ ·
(
γ∇c0 + c0∇(z0φ+ χ `p
ηr2
)
.
(23)
Here `B =
e2
4pikBT
is the Bjerrum length. Using these non-dimensional quantities, the total energy
is reformulated as,
βEcap[ci(r, z)] =
∫
B
c0
ηr2
(
`0 +
z20η
2
16pi
∑N
i=1 z
2
i ci
)
dx+
1
2
∫
Ω
N∑
i=0
ziciφdx
+
∫
Ω
[γc0 log c0 +
N∑
i=1
ci log ci]dx+
∫
B
αc70dx. (24)
Then we use the Implicit-Explicit scheme for the time discretization,
cn+1i − cni
τ
= ∇ ·
(
∇cn+1/2i + cn+1/2i ∇µn+1/2i,ex )
)
,
cn+10 − cn0
τ
= ∇ ·
(
∇cn+1/20 + cn+1/20 ∇µn+1/20,ex )
) (25)
Here c
n+1/2
i = (c
n
i + c
n+1
i )/2, µ
n+1/2
i,ex = (3µ
n
i,ex − µn−1i,ex )/2, µni,ex = ziφn − χ c
n
0 q
2z2i
16piηr2(
∑N
i=1 z
2
i c
n
i )
2 ,
µn0,ex = z0φ
n + χ
`p
ηr2 .
For the space descretization, we use finite element method with piecewise linear elements,
implemented using the firedrake package [30].
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